Abstract. We determine up to isomorphism finite non-Dedekindian p-groups G (i.e., p-groups which possess non-normal subgroups) such that the normal closure of each non-normal cyclic subgroup in G is nonabelian. It turns out that we must have p = 2 and G has an abelian maximal subgroup A of exponent 2 e , e ≥ 3, and an element v ∈ G − A such that for all h ∈ A we have either
Let G be a finite p-group. Then it is well known (see [3, Theorem 224.1] ) that the normal closure of each cyclic subgroup in G is abelian if and only if each two-generator subgroup of G is of class ≤ 2. If each two-generator subgroup of a p-group G is of class ≤ 2, then either G is of class ≤ 2 or p = 3 and G is of class 3.
It is natural to ask what happens if G is a non-Dedekindian finite p-group in which the normal closure of each non-normal cyclic subgroup is nonabelian. It turns out as a big surprise that in this case we must have p = 2 and G can be determined up to isomorphism (Theorem 2).
All groups considered here are finite p-groups and our notation is standard (see [1] ). Definition 1. Let M be a 2-group possessing an abelian maximal subgroup H of exponent ≥ 4 such that there is an element v ∈ M − H which inverts each element of H.
If o(v) = 4, then all elements in M − H are of order 4 with the same square v 2 and then M is called "quasi-generalized quaternion".
Theorem 2. Let G be a non-Dedekindian p-group in which the normal closure of any non-normal cyclic subgroup is nonabelian. Then p = 2, G has an abelian maximal subgroup A of exponent 2 e , e ≥ 3, and for an element v ∈ G − A and for all h ∈ A we have either
e−1 . Conversely, let G be a 2-group just defined. Then each subgroup of A is G-invariant and for each
e−1 ≥ 4) so that v G is either quasidihedral (in case o(v) = 2) or quasi-generalized quaternion (in case o(v) = 4) and so in any case v G is nonabelian.
In the proof of Theorem 2, we shall use [2, Theorem 125.1] and therefore we state here that theorem for convenience:
Lemma 3. Let G be a nonabelian p-group containing a maximal subgroup H such that all subgroups of H are G-invariant. Then there is an element g ∈ G − H such that one of the following holds:
and
e , e ≥ 2, and g either inverts each element in H, or e ≥ 3 and h g = h
−1+2
e−1 for all h ∈ H. In both cases
e , e ≥ 3, and
Proof of Theorem 2. Suppose that G is a title p-group. Let A < G be a maximal normal abelian subgroup of G. Since each cyclic subgroup in A is normal in G, it follows that each subgroup in A is G-invariant.
Suppose p > 2. Let B/A be a normal subgroup of order p in G/A. Applying Lemma 3 on the subgroup B, we get exp(A) = p e , e ≥ 2, and there is g ∈ B − A such that for all h ∈ A, h g = h 1+p e−1 . Since B is nonabelian, there is b ∈ B − A such that b is not normal in B (and so b is not normal in G) so that (replacing b with a suitable power
We compute . Set R = v G so that our basic assumption implies that R is nonabelian. On the other hand,
But G ′ ≤ Z(G) implies that v centralizes G ′ and so R is abelian, a contradiction. We have proved that exp(A) = 2 e with e ≥ 3. Suppose, by way of contradiction, that G/A possesses a subgroup B/A of order 2 such that for all b ∈ B − A and h ∈ A, we have h b = h G and so
is of order 2, it follows that d = bc is an element of order 4 and d ∈ A. Hence d ∈ Z(B) and so we get
a contradiction. We have proved that such a group B/A of order 2 in G/A does not exist. Then using again Lemma 3, we see that G/A has exactly one subgroup C/A of order 2 such that for all c ∈ C − A and h ∈ A, we have either
e−1 . In any case o(c) ≤ 4. Assume |G/A| > 2. Then there is g ∈ G − A such that g 2 ∈ C − A so that if h is an element of order 4 in A, then g normalizes h G and g 2 inverts h , a contradiction. We have proved that |G/A| = 2, all elements in G − A are of order ≤ 4, exp(A) = 2 e , e ≥ 3, and for each v ∈ G − A and h ∈ A, either
e−1 . The structure of our group G is determined. Conversely, let G be a 2-group defined above and let v be any element in G − A. 
